For the 4= 360° space-charge resonance in high intensity linear accelerators, the emittance growth is surveyed for input Gaussian beams, as a function of the depressed phase advance per cell  and the initial tune depression ( o  ). For each data point, the linac lattice is designed such that the fourth order resonance dominates over the envelope instability. The data show that the maximum emittance growth takes place at   87° over a wide range of the tune depression (or beam current), which confirms that the relevant parameter for the emittance growth is  and that for the bandwidth is
I. Introduction
Recently many high intensity linear accelerators have been designed and constructed like proton accelerators such as the SNS (USA) [1] , J-PARC (Japan) [2] , the KOMAC (Korea) [3] , or heavy ion linear accelerators such as the RAON [4] or the FRIB [5] . These high intensity linacs with mega-watt class beam power have been carefully designed to minimize the beam loss of halo particles for hands-on maintenance by avoiding or minimizing the contributions of various halo formation mechanisms with the requirement of the uncontrolled beam loss less than 1 W/m.
Studies have been done in the early days related with the envelope equation [6] , the particle-core model [7] [8] [9] [10] and the envelope instability [11, 12] . In order to avoid the envelope instability, linac designers have applied the design rule to keep  o < 90 [1] [2] [3] in designing high-intensity linear accelerators, where  o is the zero-current phase advance per cell.
Mismatch is also a well-known halo formation mechanism [13] and a proper matching between different sections of linear accelerators matters to minimize the beam loss. In order to reduce the beam loss, the idea of halo-matching was carefully studied recently [14] , other than the experimental core-matching studies in the rms sense such as Ref. [15] . A fast halo formation mechanism by a non-round beam was found in the SNS linac [16] and experimentally verified [17] .
Throughout this document, we call the single particle resonance simply by resonance and the coherent instability (or parametric resonance) of envelope by instability in order to avoid confusion. Even though resonances and instabilities are used in an ambiguous way in the community, instabilities should not be confused with resonances that may look similar in the phase space but each particle oscillation does not necessarily have the corresponding resonance frequency component. An example is shown in Ref. [25] of the third order instability which may be mistaken as a thirdorder resonance.
Studies found that space-charge resonances also can generate halos in circular and linear accelerators. It was shown that the space-charge 2 x  2 y = 0 coupling resonance induces halo in the ring [18] and later extended to linear accelerators as in Ref. [19] . The space-charge 4= 360° fourth order resonance in linear accelerators was found and reported to dominate over the envelope instability [20] . Here  is the depressed phase advance per cell. In Ref. [20] , much effort was taken to verify that the observed phenomenon was indeed a resonance. And the 4= 360° fourth order resonance was experimentally verified [21, 22] . In 2015, the space-charge 6= 720°s ixth order resonance was found in high intensity linear accelerators [23] .
It was reported that the envelope instability emerges following the fourth order resonance for high-intensity linear accelerators with a constant  o lattice [24] , which seemed to suggest that the envelope instability dominates over the fourth order resonance in the long run. But a later study clarified that the fourth order resonance dominates over the envelope instability when  is kept constant along the linac, and that the envelope instability emerges from the mismatch by the fourth order resonance when  is kept constant along the linac [25] . This paper reports the characteristics of the 4= 360° fourth order resonance along with the fourth order envelope instability in high intensity linear accelerators: 1) the emittance growth as a function of the initial tune depression and the depressed phase advance per cell  2) the sixth order detuning effect induced by the beam redistribution due to the fourth order resonance, 3) analytical study of the detuning of the Gaussian beam, and 4) the fourth order envelope instability of the KV beam.
II. Characteristics of fourth order resonance
Numerical simulations are performed with initially well-matched Gaussian beams with 20,000 to 100,000 macro-particles using the PARMILA code with a 3D ParticleIn-Cell space-charge routine [26] . The emittance growth factor (=  final /  initial ) is plotted in Fig. 1 as a function of the initial tune depression (and depressed phase advance per cell . The tune depression (in Fig. 1 is the initial tune depression and tends to decrease as the 4 beam accelerates. It should be noted that the emittance growth is solely due to the fourth order resonance. The linac lattice is adjusted such that  is kept constant throughout the linac and only the fourth order resonance is manifested and the envelope instability suppressed for any data points in Fig. 1 , as reported in Ref. [25] .
Over a wide range of the initial tune depression (or beam current), the maximum emittance growth happens at   87° and no resonance effect is observed for  > 90°r egardless of the tune depression. This shows that, in case of the single particle resonance, the relevant parameter for maximum emittance growth is  and that for bandwidth is . It should be noted that there is no resonance, nor associated emittance growth for  > 90°. The reason is explained in the later section of the analytical analysis. Because the fourth order 4= 360° resonance dominates, the system can be described as a Hamiltonian. However, the phase space structure in Fig. 2 cannot be explained with the fourth order resonance terms alone in the Hamiltonian. Analysis indicates that this particular four-fold structure is attributed to a small negative sixth-order I 3 detuning term.
From the locations of the stable and unstable fixed points in phase space, the corresponding Hamiltonians are obtained at two locations of the linac as Eq. (1) 
, (2) where = /360°. Fig. 2 and Fig. 3 shows that the Hamiltonians in Eq. (1) and (2) describe well the phase space structure in Fig. 2 such as the fixed points and separatrices. This supports our confidence in that the system is described by the resonance Hamiltonian and the fourth order resonance domination over the fourth order envelope instability. In addition, this agreement allows 7 us to interpret the occurrence of maximum emittance growth  regardless of the beam intensity, in terms of single particle Hamiltonian.
The effect of the sixth order term becomes noticeable, as the beam is redistributed by the fourth order resonance. It is shown in Fig. 4 that a redistribution of the beam by the fourth order resonance alters the space charge field (denoted as Ex), as the particular four-fold structure emerges. And the beam is no longer Gaussian. The input beam is 3D Gaussian and it is worthy to study its higher order detuning effects to explain why there is no resonance for  > 90° and to explain the maximum emittance growth at  = 87°. We resort to the available analytical expression of the space charge Hamiltonian for the 2D Gaussian beam [27, 25] , which is given by Detuning terms correspond to the zero harmonic of the potential, i.e.:
Then, the incoherent tune shift becomes (6) where J i is the i-th order Bessel function, and and , and = /360°.
Expanding in order of , integrating over t , the is expressed as (7) Then the incoherent tune shift becomes (8) and the Laslett tune shift . Figure 5 illustrates dependence of the detuning on particle oscillation amplitude using the Eq. Since the majority of particles are at the beam core, there are more particles that participate in resonance when  is slightly below 90. And when more particles are on resonance, larger emittance growth is expected. Since the core particles have small oscillation amplitude, this also explains why higher order resonances appears to be weak and numerical study at 6 = 360 resonance showed little emittance growth [23] .
For Gaussian beams, truncation of the detuning terms at a finite order can lead to an unphysical system, as shown by the cyan curve that is truncated at the term. In this case, a four-fold resonance structure is observed above 90 because the phase advance curve crosses the 90 line. 
III. Fourth order envelope instability
Around 90 phase advance, there are three mechanisms: the 4 = 360 fourth order resonance [20] , the second envelope instability (2 o   2,coh = 180) and the fourth order envelope instability (4 o   4,coh = 360) [11] . For realistic beams, the fourth order resonance dominates over the fourth order instability and the envelope instability is either suppressed or manifested, depending on  o of the lattice [23] .
It is known that numerically generated KV beams also produce a four-fold structure [29] 
IV. Summary
The emittance growth by the 4= 360° space-charge resonance is surveyed, as a function of the depressed phase advance per cell  and the initial tune depression ( o  ). For each data point, the linac lattice is designed such that the fourth order resonance dominates over the envelope instability. The data show that the maximum emittance growth takes place at   87° regardless of the tune depression (or beam current), which confirms that the relevant parameter for the emittance growth is  and the relevant parameter for the bandwidth is .
An interesting four-fold phase space structure is observed and the analysis attributes this effect to a small negative sixth order detuning term generated as the beam is redistributed by the resonance. Analytical studies show that the tune increases monotonically for the Gaussian beam, which prevents the resonance for  > 90.
Frequency analysis indicates that the four-fold structure, observed for input KV beams when  < 90 is not the fourth order resonance but a fourth order envelope instability because the 1/4 = 90/360 component is missing in the frequency spectrum. The fourfold structure does not develop well for  > 90
